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Abstract

Responding to the immediate request for a “first proof" analysis in an exposition by Abouzaid
et al. [13], published precisely a week prior to the submission date of this paper, we document a
sequence of “first proof” attempts produced by state-of-the-art Large Language Models (LLMs)
on a curated set of research-level and graduate-level mathematics problems spanning stochastic
quantization, automorphic representations, integrable probability, finite free probability, equiv-
ariant homotopy theory, spectral graph theory, and geometric topology. As presupposed within
the “first proof” challenge, our fundamental goal is not necessarily to discover novel proofs
of previously unexplored ideas; rather, we seek to carefully understand the manner in which
LLMs introduce scaffolding, develop reductions, and garner supposed “intuition” when address-
ing mathematical proof problems. We achieve 50% accuracy on the given problem set utilizing
both state-of-the-art models deriving from both Google and Anthropic, and we develop the first
known characterization of the “first proof” problem to explicitly compare the reasoning efforts
between two distinct, and highly capable, general-purpose models.

I. Introduction

Within the computational mathematics community, there currently exists a broad and evolving
interest surrounding the extent to which predominantly computational approaches to both formal
verification and automated theorem-proving efforts might succeed [1, 2, 3|. After de Bruijn es-
tablished foundations of proof verification [4], Coq [5] and other authors provided generalizable
frameworks involving the process of constructing and verifying the process of developing rigorous
proofs. In particular, within such endeavors, the patterns of logical inference as well as rigorous,
transferable methodologies for the manner in which such proofs ought to be presented were empha-
sized to a significant extent|1, 2, 3, 5]. Such seminal frameworks assumed an essential role within the
broader development of computer-aided verification of mathematical proofs, particularly in domains
where brute-force or traditional analytical approaches fall short; in particular, Huele, Kullman, and
Merk demonstrated substantial usage of computational verification in the process of proving the
longstanding Boolean Pythagorean Triples Problem [6].

Additionally, within recent developments, investigations have centered around the ability to au-
tomate the process of formal verification, particularly utilizing machine learning frameworks. Both
classical resolution-based systems, as well as modern satisfiability modulo theories (SMT) solvers,
have enabled substantial progress in automatically deriving proofs for propositional and first-order
logic statements in longstanding formal systems such as SL (Sentential Logic) and PL (first-order
Predicate Logic) [7, 8]. Methods to assist such proof-searching capabilities that harness reinforce-
ment learning methodologies [9] as well as approaches such as FormulaNet that harness graph-based
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representations, or other discrete approaches, have also garnered popularity [10]. Additionally, it
is notable that transformer-based models have been harnessed to reconstruct various iterations of
formalized proofs, synthesize conjectures, and perform reasoning over structured mathematical text
[11, 12]. Collectively, such striking contributions in the acceleration of the capabilities of such
methods to investigate higher-level mathematical notions at immense scale suggests that discov-
ery, verification, and heuristic analysis of mathematical arguments may be substantially accelerated
under the utilization of such methods [9, 10]. It is possible that such efforts may, in fact, repre-
sent the ability of such LLM’s to garner the ability to generate deductive reasoning capacities [10].
However, the question of the extent of such capabilities is not foundationally settled; therefore, our
paper seeks to lend some insight towards this process through a combination of intuition-generation,
comparative analysis, and proof discovery techniques [12].

In particular, our paper responds to the “first proof” challenge, as articulated by Abouzaid et al.
[13], which essentially develops the challenge of evaluating such model-generated proofs on graduate-
level mathematics research problems that have required significant effort among mathematicians at
the forefront of their respective subfields [13]. Thus, our efforts reflect the request of the authors
to not merely indicate correctness, but also specify the procedural, scaffolding, and intuitional
aspects of model reasoning in this process. We harness state-of-the-art general purpose LLM’s,
which highlights the specific idea that such models offer substantial possibilities for success on such
intellectual tasks without extensive fine-tuning, customization, and model architecture developments
[10, 11, 12, 13].

Thus, we effectively extend these trajectories by systematically analyzing the performance of
such LLMs on the aforementioned corpus of problems drawn from stochastic quantization, repre-
sentation theory, and other mathematical domains in which active research is occurring [13]. In our
approach, we provide both a rigorous assessment of such capacities, but also develop comparatives
between the proof models for differing LLM approaches and model paradigms, which may be of
substantial interest to future specialization within specific subdomains in mathematics.

Organization. The structure of the remainder of the paper is as follows. In Section 2, we present
our methodology in analysis within the models themselves as well as a comprehensive description of
the prompt engineering process, as this process is essential to standardize responses across prompts
and model choices. In section 3, we present our primary results, which contain the proofs developed
by the two LLMs which fared the most optimally on the given set of ten proofs. (We have ensured
that such proofs have been generated in the ezact forms provided by the relevant models.) Finally,
we present comparative model-generated analysis of intuition and extensions in Section 4 and 5.

II. Methodology and Prompt Engineering

We will now rigorously describe the methodology that we utilized to prompt both models involved
in our computations. Since the latest iteration of Generative Pre-trained Transformer (GPT) ar-
chitecture [18], as well as various other alternative methodologies, did not perform on the order of
the two models whose proofs are enumerated below, we omit the analysis generated by such models
for the sake of brevity. The two such optimal models were Google’s Gemini 3 Pro [19] as well as
Anthropic’s Sonnet 4.5 model [20]. As a brief note on model performance, we observed that the
Sonnet 4.5 model offered substantial advantages with respect to pace, whereas the Gemini 3 Pro
model often generated greater success in a zero- or one-shot analysis of the prompt.
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A. Initialization and First Steps

Our initial prompt to such models involved grounding our analysis within the perspectives that we
optimized for within model behavior and the expected logical extensions of material that such models
might develop. We also carefully alluded to the difficulty of the problems without overtly stating
such difficulty, ensuring that no such artificial distinction would impose limits on model behavior
(and perhaps the plausible sources of information retrieved by such frameworks) [12, 10]. Thus,
our fine-tuned prompt towards the model in a zero-shot approach, which resulted from iterative
fine-tuning of such a prompt P after failed model responses, is as follows.

INITIAL PROMPTING TECHNIQUE P

You are the world’s top math researcher. The next prompt will require careful and
critical thinking, logical reasoning, and significant extensions of your knowledge
domain. Please output your thought process, the mathematical intuition that you
used, and a concise, clear, and publishable proof.[ ]

The problem statement was translated into IXTEX to ensure standardization in parsing across
both models, particularly given the syntactical complexity of many of the expressions within the
problems. Although thirteen of the twenty proofs presented below were generated through zero-
shot approaches under P, it was often the case that such models generated incorrect answers or
constraint-violation on inference time, in which case we performed a second iteration of the prompt
to assess the ability of such models to reconsider proof techniques and answered if indicated to be
incorrect. As such, we used the following alternative prompt P’ after an incorrect answer resulted
(and if, and only if, such a scenario occurred).

CHECK-BACK ON INCORRECT TERMINATION P’

Would you be able to revise your answer, given that it might be the case that your
answer is, in fact, incorrect?

Notably, in order to generate a careful understanding of whether the incentive for the dynamical
modification in the result of the model was solely due to the minor indication of incorrectness, we
invariably executed such a prompt at least twice in succession, in order to indicate that models
arrived at a firm belief in a single response, rather than an alternating series of truth claims that
resulted from successive applications of the above prompt P’.

B. Extension and Comparative Analysis

Finally, after iterating through the set of problems within “First Proof” as well as both model
paradigms, we concluded our analysis utilizing an effort to effectively generate model-specific intro-
spection attempts regarding the thought process of proof, in a functionally analogous manner to
the learning process by which a university student might become exposed to a proof of a theorem
within a classroom setting [14]. Our prompt for this process involved substantial iterations to ef-
fectively (i) normalize responses across questions, equalizing the depth of thought independent of
the length or difficulty of proof, (ii) standardizing response style and standards of evaluation across
models, and (iii) comparing both the proposed approach as well as alternative discarded approaches
that were incorporated into the model optimization protocol. Such approaches also allow for the
establishment of direct comparatives between the two posited proof methodologies for any given
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problem i € {1,...,10}. Our resulting prompt R is as follows.

MODEL REFLECTION PROMPT R

Given your complete solution to the problem, provide a brief strategic commentary
addressing the following:

1. Identify the primary mathematical idea that makes the solution work, and what
motivated selection of the optimal solution.

. Describe one or two plausible alternative approaches and explain, at a high
level, why they are ineffective or less natural for this problem.

. Explain why the chosen method is well-adapted and natural to the structure
of the problem (for example, symmetry, scaling, or representation-theoretic
structure) .

Do not provide step-by-step derivations or internal deliberation. Your response
should read like a concise post-hoc explanation written for another mathematician,
and it should not exceed 10 sentences. Present your output in KX source code.

It is of note that the set of prompts S = PUP’'UR constitutes our entire set of interactions with
the models in question. No further exchanges were developed. Therefore, it immediately follows
that all of the proofs enumerated below reflect either zero-shot or one-shot efforts to garner model
extrapolation of accurate proof methodologies, with a short interventionist truth-claim informing
the one-shot efforts.

III. LLM-generated Proof Content

A. Overview of Proof Presentation Methodology

Within this section, we explicitly present proof content generated by both Gemini 3 Pro as well
as Claude Sonnet on the relevant questions presented in “First Proof” [13, 19, 20]. We presented
unedited versions of the proofs given by both models, with Sonnet proofs appearing in green, while
Gemini proofs appear in blue. We emphasize that “unedited” denotes that no mathematical content
was altered, removed, or supplemented. Formatting adjustments were restricted solely to minor
typographical normalization (e.g., correcting broken IATEX syntax surrounding outputed expressions
due to prompt ambiguity possibilities) and did not modify any aspect of mathematical reasoning
present within any such proofs. Additionally, our evaluation does not attempt to measure stylistic
elegance or pedagogical clarity except insofar as these ideas affect logical interpretability; therefore,
we solely optimized for mathematical validity — as evidenced within the prompts P, P’ in Section 2.

As a precursor to the presentation of the proofs, we note that problems 1 — 5, as well as problems
7 — 10, appear to be independently verifiable under a preliminary series of inspections (under the
utilization of independent LLMs as well as independent investigations of the authors), whereas the
solution to problem 6 under both models is incomplete — to different degrees. Hence, under the
elementary assessment of precision constituting the output of a logically valid argument to establish
the result stated in the question of “First Proof,” we achieve a reproducible result of 50% accuracy.
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Q1 — Proof (Sonnet)

Remark. We did not provide the “conciseness" requirement for this proof, and
hence we have a significantly longer proof in this situation.
B. Setup and Statement

Let p19 denote the Gaussian free field (GFF) on T3, i.e., the centred Gaussian measure on D’(T?)
with covariance operator (—A +m?)~1, m > 0. Its Green’s function satisfies

1

— — . 1
g ®°7Y (1)

Clz,y) = ((-A+ mz)fléy)(a:) ~

Samples of g lie pg-a.s. in H*(T3) for every s < —% but in no better Sobolev space.
The ®3 measure is defined (after renormalization) as

—(9) == — 7:0: 4+ 9% )dx | =: =F 2
0= gow(= [ (Fsoti 42 10%)de) = ZF ) ®)
where : - : denotes Wick ordering with respect to o, and Z is the (finite) normalisation con-

stant. That F' € LP(up) for all p < oo, and hence that (2) is well-defined, is the content of
the constructive field-theory results of Glimm—Jaffe and, in the stochastic PDE framework, of
Albeverio-Kusuoka and Barashkov—Gubinelli.

For ¢ € C*(T?), define the shift Ty : D'(T*) — D'(T?) by Tyy(¢) = ¢+, and let Tjjp := uonjl
be its pushforward.

Theorem 1. Let p be the ®5 measure (2) and let ¢» € C®(T3), ¢ # 0. Then

p L Thp.
Remark 1. This stands in sharp contrast with the two-dimensional case: the ®i measure
satisfies p ~ Ty for all ¢ € H L(T2) 5 C>°(T?), since the analogous cubic variance integral is
integrable in dimension d = 2 (where C(z,y)® ~ |z — y|~2*¢ is locally integrable).
C. Proof
D. Reduction to a Gaussian estimate
Since ¢ € C*° C H'(T?), the Cameron—Martin theorem for pg gives T po ~ po with
d(T o)

My(¢) = dio

(8) = exp({(—A +m2)p, 6) — § 913 ) € L (o)

for all p < co. Since both y and T;Zu are absolutely continuous with respect to pg, mutual sin-
gularity is equivalent to the non-existence of a finite, positive, u-a.s. Radon—Nikodym derivative

A(Ty)/dp.
E. The shifted density and the cubic obstruction

Suppose for contradiction that p ~ Tju. Setting G(¢) := log F'(¢) (where F is as in (2)),
equivalence would require the log-likelihood

Ay(¢) := G(¢ + ) — G(¢) — log My(¢)

to be p-a.s. finite and in L'(p). Expanding via the Wick product identity : (¢ + ¥)* =
Z?:o (l;.)?,[)k_j :¢J :, one finds
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G(¢+v) - G(¢) = —/Ta |40 6% +697 167 44y + dw+log%, (3)

where Z, is the partition function for the shifted model. All terms in (3) except the first are well-
defined in L?(pg): the quadratic and linear Wick functionals paired against smooth functions
are square-integrable, and [ Y* dz is a constant. The obstruction is therefore the cubic term

Xo(@) = [ b@) o)’ do. @

F. Divergence of the cubic variance

Lemma 3.1. For any v € C°°(T?) with ¢ # 0,

Vaty(Xe) =6 [ 9(e)v(0) Clavy)* dady = +oc.

By the diagram formula for Wick polynomials under a Gaussian measure,
Euo[:0(2)3::0(y)*:] = 6C(z,y)>.

From (1), C(x,y)* ~ (47)73|z — y|~3 near the diagonal. Since the function |z — y|=3 has a
singularity of order equal to the space dimension d = 3, it is not locally integrable on T3 x T3:

/ |z —y| 3 dxdy = +o0.
lz—y|<1

Because v is smooth, non-negative on a set of positive measure (or we may replace v by ?),
the full integral diverges.

Remark 2. No counterterm can repair this divergence within the @% renormalization scheme.
Cancelling X, would require a new infinite coupling of the form ¢(¢) [1s ¢ dz, but no such term
appears in the action, and adding it would change the model.

G. Non-integrability of the exponential and conclusion

Lemma 3.1 shows Xy, ¢ L%(up). By the hypercontractivity of the Ornstein-Uhlenbeck semigroup
(Nelson’s estimate), all LP-norms of a fixed Wiener chaos element are equivalent. Hence X, ¢
LY(up), i.e., Xy is not even pg-integrable. In particular, the exponential e 4%+ is not in L (uo):
for any ¢ > 0,

E,. [ec‘le] = +o0. (5)

Since p < po with a density F' € ﬂp <oo LP(p0) (uniformly bounded away from the extreme

cases), (5) implies E,,[e“¥¥]] = 400 for all ¢ > 0 as well.
Therefore e 4X%(®) and hence e*(9)  is not in L'(u). This contradicts the assumption that the
Radon-Nikodym derivative d(T;p)/dpu = eMv exists as a finite p-a.s. function, so Tip & p.
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e A

Applying the same argument to — (i.e., shifting by —1) shows pu &« Typ. Hence p L Tpp. O

H. Comparison with the Two-Dimensional Case

The critical distinction is the dimension-dependent integrability of C/(z,y):
/ lz —y| @ Ve dedy < 0 = (d—1)k<d.
Td x Té

For the cubic term (k = 3) this becomes (d—1)-3 < d, which holds only for d = 1 (trivially) and
fails for d > 2. However, for d = 2, the ®3 measure possesses extra integrability of its density—
crucially, e~ I#% i in all LP (uo) for d = 2, and the Cameron—Martin perturbation e 4/ ¥9% s in
L' (o) because the singularity |z —y|~2 is just barely integrable in R? (in the logarithmic sense,
handled by the explicit L?>-norm bound in 2d). In dimension d = 3 this borderline integrability
fails completely, and mutual singularity is the generic behaviour.
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Q1 — Proof (Gemini)
Theorem 2. The measures j1 and (Ty)«pt are equivalent.

Proof. We proceed by analyzing the Radon-Nikodym derivative. Let v = (Ty)«u. The equiva-

lence of p and v is established if the density g—; exists and is strictly positive py-almost surely.

1. Shift of the Reference Measure. Since 1y € C*°(T?), it follows that ¢ € H(T3) =
Image(C'/?). By the Cameron-Martin theorem, the shifted Gaussian measure (Ty)./o is equiv-
alent to pp. The Radon-Nikodym derivative is given by:

(@) = L9 ) — (5,1 = )0 — Gl ) ©)

Since ¢ is a distribution of regularity C='/2=¢ the pairing (¢, (1 — A)y)) is well-defined.

2. Shift of the Interaction Potential. Let V(¢) denote the formal renormalized potential
[ #* :. The density of p with respect to pg is Z~te=V(®). The density of the pushed-forward
measure v with respect to pyg is:

0 = 5 o) (7

The ratio of the densities is:

dv

du((ﬁ) = exp (V(9) = V(¢ = ¢)) po(9)- (8)

We utilize the binomial identity for Wick powers shifted by a deterministic function f:

(G = Y (Z) b (—)n . (9)

k=0

Applying this to the interaction term V(¢) = [ : ¢ :, the highest order term [ : ¢* : cancels in
the difference V(¢) — V(¢ — ). We obtain:

AV@®)=V@) ~Ve-0) = [ (498 —60%: & 44?0 -y da. (10)

3. Regularity and Integrability. Under the measure u, samples ¢ almost surely belong to
the Besov-Hélder space C~1/27¢(T3). The renormalized powers satisfy : ¢* :€ C=%/2=¢ (locally).
Specifically: : ¢ :€ C3/27¢,: ¢? :c C~17¢. Since 1 is smooth, multiplication by ¢/* preserves the
distribution spaces, and the integrals in (10) are well-defined dual pairings between distributions
and smooth test functions.

Standard estimates for the @% measure (derived from hypercontractivity of the Gaussian refer-
ence or via the Boué-Dupuis formula in the stochastic quantization setting) ensure that poly-
nomials of the field and its Wick powers have finite exponential moments. Thus, exp(AV(¢))
is in L'(p) and is strictly positive almost surely.

Conclusion. The Radon-Nikodym derivative g—z exists, is strictly positive, and is integrable.
Thus, p and (Ty)«p are equivalent. O
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Q2 — Proof (Sonnet)

Theorem 3. There exists W € W(IL,1»~1) with the desired property.

Proof. Step 1: Choose W to be a Schwartz—Bruhat function in the Whittaker model,
meaning W is:

e Compactly supported modulo Ny, 41
e Locally constant
e Smooth in the appropriate sense

More specifically, let W be supported on a sufficiently large compact set (relative to the con-
ductor of IT) with appropriate smoothness.
Step 2: For any generic m with conductor ¢, the key observation is that the integral

U(s, W, V) = / W (diag(g, 1)ug)V (g)| det g|*~/2dg
N, \GL, (F)

can be written as a finite sum when W and V' have compact support (modulo N,,).
Step 3: The conductor-dependent shift ug ensures that when we integrate, we're essentially

Z ¢ q N

finite

computing:

where the ¢; are constants depending on W,V and the \; are rational numbers.
Step 4: For appropriate choice of V' (with the right support properties relative to the conductor
q), this finite sum is:

e Entire in s (it’s a finite sum of exponentials in ¢~*)
e Nonzero for all s (the coefficients ¢; can be chosen to ensure this)

The crucial point: The finite support of Whittaker functions, combined with the conductor-
dependent normalization via wug, converts what would normally be an infinite integral into a
finite sum, which is automatically entire.

Step 5: We can choose a “universal” W with sufficiently nice support properties such that for
each 7, there exists V' making this finite sum nonzero.

Therefore, the answer is YES. ]

Mathematical Intuition

The deep insight is that:
e The conductor shift ug is the essential ingredient that makes this work
e [t aligns the “ramification levels” of the two representations

e With proper choices of compact support, the integral becomes a finite algebraic expres-
S

sion in g~
e Such expressions are entire and can be made nonvanishing by appropriate choice of V'

The answer is YES, and the existence of such W follows from careful analysis of support
conditions and the conductor normalization.

\




First Proof Attempts via Frontier LLMs

Q2 — Proof (Gemini)

Theorem 4. Let F' be a non-archimedean local field. Let 11 be a generic irreducible admissible
representation of GLy,11(F) with Whittaker model W(I1,4~1). There exists a vector W €
WL, 9~ 1) such that for every generic irreducible admissible representation © of GL,,(F) with
conductor ideal ¢ = Q™ 'o, there exists V € W(m, ) satisfying:

I(s) := / W (diag(g,1) ug) V(g) | det g|s_1/2 dg € Clg®, ¢ °]*.
Np\ GLy (F)

In other words, the integral is finite (a polynomial in q¢*°) and nonzero for all s € C.

Proof. We claim that any W € W(II, ¢~ !) satisfying W (I,,11) # O suffices. Let W be such a

vector.
The local Rankin—Selberg integrals generate the fractional ideal defined by the L-function:

{I(s5,®,0) | ® € WALy ), ¥ € W(m, )} = L(s, m x IN)C[g™?].

Since 7 and II are generic, L(s, 7 x II) = P(¢~*)~! for some polynomial P with P(0) = 1. The
condition that I(s) is finite and nonzero for all s is equivalent to I(s) being a monomial c¢*® (a
unit in Clg*™*]). Since 1 = L(s) - P(¢~*) lies in the ideal, such a V exists provided the specific
section W' = p(uq)W does not annihilate the pairing.

We distinguish two cases based on the conductor q of :

Case 1: The Stable Range (Large Conductor). By the stability results of Jacquet,
Piatetski-Shapiro, and Shalika (JPSS), there exists an integer N (W) depending on W such that
if ord(Q) > N(W) (i.e., 7 is sufficiently ramified), the integral stabilizes. Specifically, if V° is
the essential vector (newform) in W(w, ) normalized such that V°(I,,) = 1, we have:

/ W (diag(g, 1) ug) V°(g) | det g~/ dg = W (Ts).
Nn\ GL,(F)

Since we chose W such that W (I, 41) # 0, the integral is a nonzero constant, which is trivially
finite and nonzero for all s.

Case 2: The Bounded Range. Consider the case where ord(Q) < N(W). Here, @ belongs
to a bounded set of valuations. Fix such a 7 and the corresponding ug. Let Wy, = p(ug)W.
Since II is generic, its restriction to the mirabolic subgroup P, 4 is faithful (realized via the
Kirillov model). The restriction of Wy, to GL,(F') (embedded as diag(g, 1)) is not the zero func-
tion. Consequently, the linear functional A : W(m,9) — C(q~°) defined by V' + I(s, Wy, V)
is not identically zero. Because 7 is irreducible and generic, for a fixed non-zero Whittaker
function on the GL,, 11 side, the image of A is the entire fractional ideal L(s, 7 x IT)C[¢g™*]. Since
L(s)~!is a polynomial, the ideal contains the unit element 1. Thus, there exists a V € W(m, )

such that the integral equals 1.

Since W satisfies the condition in both cases, the proof is complete. O

10
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Q3 — Proof

Let A = (A > -+ > A\, > 0) be a restricted partition with distinct parts, having a unique
part of size 0 and no part of size 1. We construct a nontrivial Markov chain on S,,(A) whose
stationary distribution is given by

F(z1,...,zp;9 =1,1)

= L Sn(A).
W(M) P;\k(x17"'7xn;q:17t), Me ( )

State space: S, (\), the set of all permutations of A.

Dynamics: For u = (p1,...,n) € Sp(N), if gy > piyq for some i € {1,...,n — 1}, we may
transition to p' = (1, ..« fi—1, i1, iy [it2, - - - » ) Dy Swapping positions 7 and 7 + 1.
Transition rates:

Ti4+1

) t=1 1 —t)-
r(p—p') = Zi .
0 otherwise.

if 1/ obtained from p by swapping 4,7 + 1 with p; > i1,

Theorem 5. The Markov chain defined above has stationary distribution w(u) =
F:(.’L’l,. -y niq = 17t)

Pi(z1,...,xn5q=1,t)

Proof. We verify detailed balance. For adjacent u,u’ € S,,(\) differing by a swap at positions
1,7+ 1 with p; > w41, we must show

() - r(p— p) = a(W) - r(p' — ).

Step 1: The interpolation ASEP polynomials at ¢ = 1 satisfy the exchange relation: for
Mi > it

F;‘,(azl,...,xn;l,t) _ @ 1 — g
Fi(xla"'vxn;lat) Tit+1 11—t

Step 2: Since ' has p; = pip1 < p; = iy, there is no transition p' — p, so r(p' — p) = 0.
Step 3: The chain moves only by increasing inversions (moving larger parts left), making it a
directed graph on S, (\). We verify global balance instead. Define the weight

For a transition pu — p’ swapping positions 4,4 + 1:

w(p) (= @) = By 71— ) - S
T

. " o) 1l = tl‘*i*NiJrl

= F . AT —p) -
® Ti4+1 1—1t ( ) Z;

= Fjp - 71 (1 — g,

Step 4: Global balance holds: for each y/, the total weight flowing in equals w(y') times the
holding rate, which matches the outflow when summed over all configurations.

Step 5: The chain is irreducible on S, (\) since any permutation can be reached from A (the
maximal element under lexicographic order) by successive swaps moving larger parts rightward,
and all such sequences have positive probability.

Step 6: Normalization by Py(z1,...,2,;1,t) = ZueSn(A) Fy(x1,...,%n;1,t) ensures
o) =1
Therefore, 7(1) = — is the unique stationary distribution. O

*
A
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Q3 — Proof (Gemini)

Theorem 6. Let A = (A\y > -+ > X\, > 0) be a partition with distinct parts. Let
F:(l‘l, ...y xy; 1,t) denote the interpolation Macdonald polynomial at ¢ = 1.

There ezists a continuous-time Markov chain on the state space Q = S, (\) consisting of per-
mutations of the parts of X\, driven by nearest-neighbor transpositions, such that the unique
stationary distribution w is given by:

Fi(x1,...,2n;1,1)

=_£ Q.
) PY(xy,...,20;1,t) Jor €

The transition rates of this chain are rational functions of the parameters x; and t, satisfying
the condition of nontriviality (i.e., they are not defined explicitly via the polynomials F;)

We identify the state space 2 with the symmetric group S, acting on the positions of the parts
of \. A state is denoted by u = (pu1, ..., fin)-

The interpolation Macdonald polynomials F; (z;q,t) at ¢ = 1 are eigenfunctions of the degener-
ate Cherednik operators. They satisfy the exchange relation governed by the Demazure-Lusztig
operators ;. Specifically, for a simple transposition s; = (i,7 + 1) and a composition p such
that p; < pit1, we have:

tr; — Tijxq
F* (2;31,t) = @ 1,8) + (...), 11
sz,u(aa) T; — tTip u(va) ( ) ( )
where the lower order terms vanish under the specialization to the spectral point corresponding
to the stationary distribution, or more simply, the ratio of the stationary weights is determined
exactly by the scattering matrix of the underlying integrable system.
Explicitly, for generic parameters x and ¢, the ratio of the polynomials for an adjacent swap is:

Fo . (z;1,t) _ i —wig
Fﬁ(m;l,t) T; — tTip1

(12)

We define the Markov chain as an inhomogeneous Multi-species Asymmetric Simple Exclusion
Process (mASEP). The transitions are defined by nearest-neighbor exchanges s;.

Let the transition rate from state p to state v = s;u be denoted by R(u — v). We define the
rates as follows:

For any i € {1,...,n — 1}, let the parts at sites ¢ and i + 1 be o = p; and 5 = p;41.

e Case 1 (Ascent): If a < 3, the transition rate is:

R(p — sip) = o — tTi41.

e Case 2 (Descent): If o > 3, the transition rate is:

R(p — sipt) = tT; — Tiq1.

(Note: We assume parameters are chosen such that rates are non-negative, e.g., 0 < ¢ < 1 and
ordered ;).

To prove 7(u) < F ., 1s stationary, it suffices to verify the detailed balance condition for every
edge (i, sip) in the transition graph. Without loss of generality, assume p; < pit1. Let v = s;pu.
The detailed balance condition requires:

(W) R(u = v) = 7()R(v = p).

12
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r

Substituting the proposed rates:

m() (@i — triy1) = (V) (2 — it1).

Rearranging terms, we require:
71'(1/) . T; — txz'-i—l

m(p)  tw— w1

This contradicts the ratio in (12) because the standard literature convention for F* (e.g., Knop-
Sahi) typically normalizes the "highest weight" term to 1. However, the interpolation polynomi-
als appearing in ASEP stationary measures are often the dual polynomials or require a specific
normalization factor involving the Vandermonde determinant.

Correcting for the ASEP normalization, the stationary weight W(u) for the mASEP defined by
rates R(u — v) satisfies exactly:

W(s;p)  Rate(p — sip)  x; —txi

()  Rate(sip— p)  twi— @1

The polynomial Fy(z; 1,t71) (or with inverted variables) satisfies this recurrence. Thus, up
to a global renormalization of parameters t — t~ or x; x;l depending on the specific
definition of F™* used in the prompt’s context, the defined Markov chain has the desired stationary
distribution.

The constructed Markov chain is the Inhomogeneous Multi-species ASEP. Its rates are rational
functions of z and ¢, independent of the global structure of F;, thus satisfying the nontriviality
condition. The stationary distribution is uniquely determined by the detailed balance equation,
which matches the recurrence relations of the interpolation Macdonald polynomials at ¢ = 1.

13
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Q4 — Proof

Theorem 7. Let p(x) and q(x) be monic real-rooted polynomials of degree n with distinct roots.

Then
1 1 1

cI)n(pEHnQ) Z (I)n(p) - (pn(q)

We establish the result through explicit computation and structural analysis.
Step 1: Reformulation of ®,. For p(z) = [[;_,(z — \;) with distinct roots Aq,..., A,, we

have
0) = [T = %).
J#1
From log p'(x) = 7%, log(z — );), differentiating gives

Evaluating at x = A; yields

Therefore,
/

o0 -3 (559)
y z—b)

P(

1
Step 2: Verification for n = 2. For p(z) = (z—a)(
and p”(z) = 2. Thus p'(a) =a —b, p'(b) = b — a, giving

with a < b, we have p'(z) = 22— (a+b)

4 4 8
(p = =
W)= G T G T oo
1 b—a)?
SO = ) .
Da(p) 8
For p(x) = 22 + a1z + ag and q(x) = 22 + bz + be, the operation By gives:
Co = 1,
c1 = a1 + by,

1
cy = 5(2&2 + a1by + 2bg).

Step 3: Explicit verification. Consider p(z) = z(z — 2) and ¢(z) = z(z — 4). Then:

4

1 1
e —— — o &
@2 (p) 8 2

1 _ 16 _
* & =% =2

e (pHyq)(x) = 2% — 62 + 4 with roots 3+ /5

1 20 __

® %09 8

DUt

We verify: % = % + 2. The inequality holds with equality.

Step 4: General case. The operation H,, is designed as a weighted convolution with care-
fully normalized binomial coefficients. The functional chn behaves as a variance-type quantity
measuring root dispersion. The weights
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(n—i)l(n — j)!

nl(n — k)! fon == g = i

are constructed to make (D—ln additive (or superadditive) under 8.

By the structure of the operation and continuity arguments from the n = 2 case, combined with
the preservation of real-rootedness and the variational characterization of ®,,, the inequality
extends to all n > 2.
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Q4 — Proof (Gemini)

Theorem 8. Let p(x) and q(x) be two monic real-rooted polynomials of degree n. Let p B, q
denote their finite free additive convolution, defined by the coefficient formula:

(pBHn q)(x) :icklﬂik, Cp = Z (n_i)!(n_j)!aibj.
k=0

| — k)
s n!(n —k)!

Let ®,(p) be the finite free Fisher information defined by:

Ou(p) = ZAifAj ,

i=1 \ j#i
where \; are the roots of p(x). Then, the following inequality holds:

1 < 1 n 1
(bn(p B Q) N (bn(p) q’n(Q).
Proof. 1. Probabilistic Interpretation. The operation H, corresponds to the finite free
additive convolution. Let A and B be n x n Hermitian matrices with characteristic polynomials
p(x) and g(x) respectively. Let U be a random unitary matrix distributed according to the Haar
measure on U(n). The polynomial p B, ¢ satisfies:

(p B ¢)(z) = Ey [det(z] — (A + UBUY))].

By the results of Marcus, Spielman, and Srivastava (2015), if p and ¢ are real-rooted, p B, ¢ is
real-rooted. Thus, ®,,(p B, q) is well-defined.

2. Identification of the Functional. The quantity ®,(p) is the discrete analogue of the free
Fisher information. In the context of the geometry of polynomials, this quantity is related to
the discriminant and the variance of the roots. Specifically, for n = 2, if p(z) = (z — A1) (z — A2),

we have:
2

(A1 —A2)%

The variance of the roots of p is Var(p) = (A1 — A2)?. Thus, #(p) = 2Var(p).
3. Super-additivity of the Inverse Fisher Information. A fundamental property of the

finite free additive convolution is the additivity of the variance of the roots:

Da(p) =

Var(p B, ¢) = Var(p) + Var(q).

For n = 2, the inequality becomes an equality:
o = Var(p B, ) = 2(Var(p) + Var(@)) = g + =
= ar(p q) = ar(p ar\q)) = @
o (p B q) " Pa(p)  Pa(q)

For general n, the functional J(p) = 1/®,(p) is known as the finite free entropy power (up to
scaling). The inequality

J(p B, q) > T () + T (q)

is the Finite Free Stam Inequality. This result follows from the convexity properties of the
entropy functional on the space of roots and is a known consequence in the theory of finite free
probability (analogous to the free Stam inequality in the limit n — c0).

Thus, the inequality holds for all n > 2. O
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Q5 — Proof

Preliminaries.
Definition 3.2 (Incomplete Transfer System). An incomplete transfer system O on a finite
group G assigns to each subgroup H < G a collection O(H) of subgroups containing H, satis-

fying:
1. He O(H)
2. f K€ O(H) and L O K, then L € O(H)
3. f K€ O(H) and g € G, then gKg~' € O(gHg™ )

Definition 3.3 (O-Compatible Representations). A virtual representation V of G is O-
compatible if for every H < G with VH # 0, we have H € O(H). Let Repy(G) denote

the abelian group of O-compatible virtual representations.

Definition 3.4 (O-Slice Tower). For a G-spectrum X and n € Z, define the n-th O-slice cover:

POX = hocolimy cgep,, (@) QY(xX ASY)
dim(V)>n

The n-th O-slice is P? X/PY, | X.

Definition 3.5 (O-Slice Connectivity). A connective G-spectrum X is O-slice n-connected if
PO X ~X.

Definition 3.6 (Minimal Fixed Dimension). For H < G, define
do(H) := min{dim(VH) : V € Repp(G), VH # 0}

Main Result

Theorem 9 (Geometric Fixed Point Characterization). Let X be a connective G-spectrum and
n > 0. Then X is O-slice n-connected if and only if for every subgroup H < G with H € O(H),

O X is (n — do(H))-connected.
We establish two key lemmas, then prove both directions.
Lemma 3.7. For any H < G, there is a natural equivalence
OH(POX) = Py_go () (91 X)
where the right side uses the ordinary Postnikov filtration.
Proof of Lemma 3.7. Since ® commutes with homotopy colimits,

(PP X) = hocolimy crep,(c) 7 (Y (X A SY)).
dim(V)>n

For V € Repp(G) with VH #£ 0, we have
HQV (X ASV)) ~ Vol X

when V is H-free on the family of proper subgroups, and is contractible otherwise. The rep-
resentations contributing are those with dim(V#) > n — do(H), yielding the Postnikov tower
Py o) (@7 X). O
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Theorem 10. A connective G-spectrum X admits an O-slice cell in dimension m if and only
if there exists H € O(H) and V € Repp(G) with dim(V') = m such that

T_ dim(vn) (@7 X) # 0.

Proof of Lemma 10. By the isotropy separation sequence and the relationship between homo-
topy and geometric fixed points, md (X A S7V) ~ 7_ dim(VH)(CDH X), which detects O-slice
cells. O

Forward direction (=): Assume X is O-slice n-connected, so P ;X ~ X. By Lemma 3.7,
X ~ ‘I’H(P7?+1X) = Pn+1fdo(H)(q)HX)a

which implies ® X is (n — do(H))-connected.
Reverse direction (<): Assume ®7X is (n — do(H))-connected for all H € O(H). By
Lemma 10, if X had an O-slice cell in dimension m < n, there would exist H and V' € Repy(G)
with dim(V') = m and

T_ gimvmy (P X) # 0.

However, dim(V ) > do(H) by definition, so —dim(V#) < —dp(H) < n—do(H). Since ®7 X
is (n — dp(H))-connected, this contradicts m_ dim(VH)(q)H X) # 0. Therefore X has no O-slice
cells in dimensions < n, implying PS_HX ~ X.

Corollary 1. For the complete transfer system, this recovers the classical Hill-Hopkins—Ravenel
slice connectivity criterion.

Remark 3. The dimension function dp(H) measures how the incomplete transfer system re-
stricts the representation theory, yielding a shifted connectivity condition.

~
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Q5 — Proof (Gemini)

Let G be a finite group and let O denote an incomplete transfer system associated to an N
operad. We consider the slice filtration on the G-equivariant stable category Sp® adapted to O.
Let TQn denote the localizing subcategory of n-slice connected objects.

The following theorem characterizes membership in the n-th slice filtration via the connectivity
of geometric fixed points. Note that in the standard slice filtration (Hill-Hopkins-Ravenel),
a slice cell of dimension d typically contributes to the H-geometric fixed points in dimension
Theorem 11. Let X be a connective G-spectrum. Then X & Tgn if and only if for all subgroups
H < G (compatible with the indexing system O), the geometric fived points ®H X satisfy the
connectivity condition: n

T(®TX) =0 for all k <
|H|

Proof. Let C>, denote the class of connective G-spectra satisfying the condition that 7 (®# X) =
0 for k < n/|H| for all relevant subgroups H. We wish to show Tgn = Cor

Necessity (C): The category rQn is the localizing subcategory generated by a set of slice cells
Gyn. These generators typically take the form S = G N S™PE=¢ where the slice dimension
is d = m|K| —e > n. Recall that the geometric fixed points functor ®7 : Sp¥ — Sp is
strong symmetric monoidal and preserves homotopy colimits. Therefore, it suffices to verify the
condition on the generators. For a generator S € G,, of dimension d > n, we have:

(S~ \/ s
gKe(G/K)H

where V' is the underlying representation. For regular representation spheres, dim(V9) =
dim(V)/|H|. Thus, the connectivity of ®(S) is determined by d/|H| > n/|H|. Consequently,
®H(S) is (n/|H| — 1)-connected. Since C>,, is closed under colimits and extensions, Tgn C Cop.

Sufficiency (2): Suppose X € C>,. We utilize the slice tower {slice; X'}. Consider the map
to the n-slice cover ¢ : slice, X — X. Let F be the fiber of this map, such that we have a fiber

sequence:
F — slice, X — X

By construction, F' € Tgn. The geometric fixed points functor detects the slice filtration range;
specifically, if Y € 7, then ®"Y is concentrated in dimensions strictly less than n/|H|.

By the hypothesis on X, m(®7 X) = 0 for k < n/|H|. Since slice, X € TQn, we also have
7, (P slice,, X) = 0 for k < n/|H|. This implies that in the long exact sequence of homotopy
groups for the geometric fixed points:

oo = (P slice, X) — mp (@ X)) = mp_ 1 (OHF) — ..

the term ® F must be contractible. A fundamental result in equivariant stable homotopy theory
states that the collection of functors {®7} H<G is jointly conservative on connective G-spectra
(the detection theorem). Since ® F ~ x for all H, we conclude F ~ x.

Therefore, the map slice,, X — X is an equivalence, implying X &€ TQn. O

19
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Q6 — Proof (note: incomplete)

Theorem 1. For every graph G = (V, E) and every ¢ € (0,1], there exists an e-light subset
S CV with |S] > 9.

Proof. We use the probabilistic method. Let S be a random subset of V' where each vertex is
included independently with probability p = .

For any vector € RY consider the quadratic form 2’ Lgz. An edge (u,v) € E contributes
(v, — 1,)? to 27 Lz and contributes to 7 Lgz if and only if both u,v € S, which occurs with
probability p? = €2.

By linearity of expectation:

= p2 Ty — xv)z
(u,v)EE
= €2 Z (T — xv)2
(uv)EE
= 2T Lz

Since €2 < ¢ for € € (0,1], we have E[zT Lgz] < € - 2T Lz for all z.

This implies E[Lg] < €L in the positive semidefinite order. Therefore, there exists a choice of
such that Lg < €L, i.e., S is e-light.

Moreover, E[|S|] = p|V| = €|V|. By the probabilistic method, there exists a set S satisfying
both Lg < €L and |S| > E[|S[]/2 = 1. 0

Theorem 12 (Optimal Constant). The constant ¢ = 1/2 is optimal up to constant factors.
More precisely, for any ¢ > 1, there exist graphs and values of € for which no e-light subset of
size ce|V| exists.
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Q6 — Proof (Gemini; note: incomplete)

Theorem 13. There exists a universal constant ¢ > 0 (specifically, any ¢ < 1/4 suffices) such
that for any graph G = (V, E) and any € € (0,1), there exists a subset S C V with |S| > ce|V|
satisfying Lg =< eL.

We employ the Probabilistic Method with Alteration. Let n = |V|.

1. Effective Resistance and Edge Classification
For an edge e = (u,v), the effective resistance is given by Reg(e) = (0, — 6,) LT (64 — 6,). We
utilize the fundamental identity summing effective resistances over all edges:

Z Reg(e) =n—1

eck

We partition the edge set E into robust edges (Eyob) and fragile edges (Efgag) based on a threshold
T=c:
Efag = {€ € E: Reg(e) > €}

By Markov’s inequality applied to the sum of resistances, the number of fragile edges is bounded:

n—1 n
|Efrag| < — < —
e e

2. Construction of S

We construct the set S using a two-step randomized procedure:

1. Sampling: Let Sy be a random subset of V' where each vertex is included independently
with probability p = 5.

2. Pruning: We construct S from Sy by removing conflicts caused by fragile edges. Specifi-
cally, if both endpoints of an edge e € Ef,g appear in S, we remove one arbitrary endpoint
from Sy to form S.

By construction, S is an independent set with respect to the graph (V, Egag). Consequently, Lg
is supported only on edges in Eqp.
3. Lower Bound on Size

We calculate the expected size of S. The initial expected size is E[|Sp|] = pn. Let X be the
number of vertices removed during pruning. A vertex is removed only if a fragile edge is fully
present in Sy. The probability of an edge e being present in Sy is p?. Thus:

E[X] < Z Pr(e € E(S0)) = | Btrag| - p?

€€Efmg

Substituting the bound for |Eg.e| and p = €/2:

w00 < (2) (5)'-

The expected size of the final set is:

o3
e~ M
(L)
S

E[IS]] = EllSol] - E[X] > —- = — = —
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Therefore, there exists a specific instantiation of S such that |S| > isn.

4. Verification of Spectral Condition

We must show Lg < L. This is equivalent to showing that for the whitened matrices M, =
LT2L,L1? we have ZeEE(S) M, < el.

Note that for any e € E(S), we must have e € Eyop, which implies Tr(M.) = Reg(e) < €.
Furthermore, the expected sum of the whitened matrices is:

2

E| Y Mm|=<E| Y M :pQZMe:pQI:%I

e€E(S) e€E(So) eeFE

Since %I = el (for e < 4), the condition holds in expectation. Combined with the concentration
of measure for sums of bounded matrices (where the bound is provided by the pruning of high-
resistance edges), there exists a set S satisfying both the size lower bound and the spectral
upper bound.

22
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Q7 — Proof

Theorem 14. Let I’ be a uniform lattice in a real semi-simple Lie group, and suppose I' contains
2-torsion. Then I' cannot be the fundamental group of a compact manifold without boundary
whose universal cover is acyclic over Q.

Proof. Suppose for contradiction that M is a compact manifold without boundary with (M) =
I' and universal cover M satisfying H;(M;Q) =0 for all i > 0.
Consider the Hochschild-Serre spectral sequence for the covering M — M:

EY = Hy(T; Hy(M;Q)) = Hypo(M;Q).

Since M is Q-acyclic, Hq(M;Q) = 0 for ¢ > 0, and Ho(M;Q) = Q with trivial T-action.
Therefore:
H.(M;Q) = H(T; Q).

Since M is a compact n-manifold, H;(M;Q) = 0 for ¢ > n, so I has finite cohomological
dimension over Q: cdg(I") < n.

Now let g € T’ be an element of order 2, and let Cy = (g) = Z/2Z. The group Cy acts freely
and cellularly on M.

By the Lefschetz fixed-point theorem applied to the action of g on M, we have:

Alg) =) (—1)'tx(g. : Hi(M;Q) — H;(M;Q)).

1=0

Since M is Q-acyclic, H;(M;Q) = 0 for i > 0 and Ho(M;Q) = Q. The action on Hy is trivial,
so tr(g« : Ho — Hp) = 1.

Thus A(g) = 1 # 0, which implies that g has a fixed point in M. This contradicts the fact that
I = m (M) acts freely on M by deck transformations. O
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Q7 — Proof (Gemini)

Theorem 15. [t is not generally possible. Specifically, if the rational Euler characteristic of the
group x(I') is not an integer, no such manifold M exists.

Proof. Let M be a compact manifold with fundamental group (M) = I' and universal cover
M. Suppose M is acyclic over Q.

1. Rational Cohgmology Isomorphism Consider the Serre spectral sequence associated
with the fibration M — M — BI'. The E5 page is given by:

Ey? = HP(T; HY(M;Q))

Since M is Q-acyclic, we have HO(M;Q) = Q and HY(M;Q) = 0 for ¢ > 0. The spectral
sequence collapses at Fo, yielding an isomorphism between the rational cohomology of the
manifold and the group cohomology of the lattice:

H*(M;Q) = H*(T;Q)

2. Equality of Euler Characteristics The topological Euler characteristic of M is the
alternating sum of its Betti numbers:

x(M) = Z(q)idim@ HY(M;Q)

Using the isomorphism from Step 1, this implies:

where x(T') is the Euler characteristic of the group T

3. Integrality Obstruction Since M is a compact manifold, its Euler characteristic must
be an integer:
x(M) € Z

However, for a uniform lattice I' in a real semisimple group G, x(I') is defined as the orbifold
Euler characteristic (or V-manifold Euler characteristic) of the quotient space I'\G/K. This is
given by the Harder-Gauss-Bonnet formula:

x(I') = Vol(\G/K) - Cg

When I' contains torsion (such as 2-torsion), the action of I" on the symmetric space G/K is
not free. Consequently, x(I') is generally a non-integer rational number (i.e., x(I') € Q \ Z).

Conclusion For any lattice I' where x(I') ¢ Z, the condition x(M) = x(I') contradicts the
topological requirement that x(M) € Z. Thus, it is impossible for such a I" to be the fundamental
group of a compact manifold with a Q-acyclic universal cover. O
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Q8 — Proof

Theorem 16. Let K C R* be a polyhedral Lagrangian surface with exactly 4 faces meeting at
every vertex. Then K admits a Lagrangian smoothing.

Proof. We construct a Lagrangian smoothing by smoothing neighborhoods of vertices and edges
while preserving the Lagrangian condition.

Step 1: Local model at vertices. At each vertex v € K, exactly 4 Lagrangian 2-planes
Ly, Ly, L3, Ly meet. In the Lagrangian Grassmannian A(4), these planes admit a continuous
path through Lagrangian planes that smooths the vertex. The condition that exactly 4 planes
meet (not 3 or 5) ensures this configuration is balanced in A(4).

Step 2: Hamiltonian smoothing. For each vertex v, construct a time-dependent Hamiltonian
HY! supported in a small neighborhood U,, of v such that:

e For t > 0, the flow qbﬁqv smooths the vertex while preserving the Lagrangian condition.
e Ast — 0, the flow quqv extends continuously to the identity.

The Lagrangian property is preserved since Hamiltonian flows preserve the symplectic form w,
and if w|x = 0 initially, then w|y, k) = 0 for all ¢.

Step 3: Edge smoothing. Similarly, smooth neighborhoods of edges where two faces meet
using Hamiltonian flows that round the dihedral angles while maintaining the Lagrangian con-
dition.

Step 4: Global construction. Using a partition of unity subordinate to neighborhoods of
vertices and edges, combine the local Hamiltonian functions into a global time-dependent Hamil-
tonian H'. The resulting Hamiltonian isotopy K; = ¢;(K) provides the required Lagrangian
smoothing:

e For t € (0,1], each K; is a smooth Lagrangian submanifold.

e Ast — 0, K; — Ky = K topologically.

25
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Q8 — Proof (Gemini)

Proof. Let v be a vertex of K. Since K is a topological surface, the link of the vertex, denoted
A, = KNAB,(v), is a topological unknot in S3. The condition that K is composed of Lagrangian
planes implies that A, is a piecewise geodesic Legendrian curve in the standard contact structure
(837 gstd)'

Since exactly four faces meet at v, A, is a Legendrian polygon with four vertices (cusps). The
existence of a local Lagrangian smoothing is equivalent to the existence of a Lagrangian disk
D c B* with boundary A,. By the h-principle for Lagrangian immersions, the obstruction to
such a filling is the Legendrian isotopy class of A,, specifically its rotation number r(A,) and
Thurston-Bennequin invariant tb(A,).

The standard model for a 4-valent Lagrangian intersection is the union of two transverse La-
grangian planes, locally modeled by the variety V = {(z1, 22) € C? | 2122 = 0}. The link of this
singularity is the standard Legendrian square (the "rectangular" unknot), which has tb = —1
and r = 0. This singularity admits the standard smoothing 2129 = ¢ for ¢ € (0, 1].

We observe that any simple closed Legendrian curve formed by only four geodesic arcs in S® is
too combinatorially short to support a stabilization (a zig-zag), which is required to alter the
rotation number. Consequently, A, must be Legendrian isotopic to the standard Legendrian
square.

Since the local link falls into the smoothable isotopy class, there exists a local Lagrangian
smoothing at every vertex compatible with the symplectic structure. These local models can be
glued to the trivial smoothing of the faces to produce a global Lagrangian smoothing K;. [

26




First Proof Attempts via Frontier LLMs

27

Q9 — Proof

Theorem 17. Let n > 5 and let A(1),..., A(n) € R3** be Zariski-generic. For o, 3,7,6 € [n],
define Q(aﬁfyé) c R3x3%x3x3 by

Qe = det[A(@)p AB) 3 A3 AG) )
Then there exists a polynomial map F' : R8s RN such that:
e F is independent of A(1),...,A(n);
o The degrees of the coordinate functions of F' are bounded independently of n;

o For A\ € R™™ XM with \ogys # 0 when o, B,7,0 are not all identical,

F(Xaprs QP o, B,4,6 € [n]) =0

if and only if there exist u,v,w,x € (R*)" such that Aogys = uavgwyxs for all o, B,7,6 €
[n] not all identical.

Since the Q@79 are determined by Zariski-generic matrices, the condition F ()\am(sQ(aﬁw)) =0
is equivalent to F'(A) = 0 where F' depends only on the tensor .

Lemma 3.8. A tensor A € R™"™*™*" gsatisfies A\qgy5 = UaVgw~yxs with u, v, w,z € (R*)™ if and
only if all three flattenings have rank 1.

Proof of Lemma. Consider the three flattenings:
My : (a,8) = (7,8), M;eR™*"
My : (a,7) = (B,8), Mye R
M : (@, 8) = (8,7), Mz e R

(=) If Aapys = uavgw,xs, then each My, factors as an outer product, hence has rank 1.
(<) Suppose rank(M;) = rank(Ms) = rank(M3) = 1. From rank(M;) = 1:

)\aﬁ'yé - f(aaﬁ) : g<77 5)
From rank(Ms) =
)‘aﬂ'yé = f,(aa 7) : g/(ﬁv 5)
Equating these expressions and using that A is generically nonzero, we obtain f(«, ) = uqavg

and g(v, ) = wyxs for appropriate functions u, v, w, x. Ol

Now define F : R8I s RN to output all 2 X 2 minors of the three flattenings My, My, Ms.
Explicitly:

. (Mg)rs  (Mi)ry | . / /
PO = (0o | (0rs (aas] € WBBH TR, £ S).




First Proof Attempts via Frontier LLMs 28

e A

This map satisfies:
e Independence: F' depends only on A, not on A(1),...,A(n).
e Bounded degree: Each coordinate is a degree-2 polynomial in .

e Characterization: F'(\) = 0 if and only if all three flattenings have rank < 1. Since A is
generically nonzero, this occurs if and only if all three have rank exactly 1, which by the
lemma is equivalent to rank-1 factorization.
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Q9 — Proof (Gemini)

Let Q = {onﬁws)} denote the input tensor to the map F. We define F to be the collection of
quadratic Plucker relations applied to these entries.
Construction of F

Consider the rows of the matrices A1) ... A ag a collection of vectors in R*. Let Uq,i denote

the i-th row of A(®. The entry Q(a'g'y(S is the determinant det(va;, v3,j, Uy k) Vs1)-
The quadratic Pliicker relations for determinants of 4 x 4 matrices are well-known. For any six
vectors x1, ..., xs € R, the determinants satisfy:

[x129w324]|[T120T526] — [T12223T5][T12924%6] + [T1222326][T1222425] = 0, (13)

where [abcd] denotes det(a, b, ¢, d).
We construct F as the set of all polynomials of the form:
_ 0leByd) H(aBe) (aBye) H(BC) (afC) H(apfde)

P(Q) — Qijkl Qz]mn szk‘m Qzl]n + kan Qzljm
ranging over all choices of matrix indices «, ..., ( € [n| and row indices i,...,n € {1,2,3} such
that the determinants correspond to valid Pliicker relations of the form (13). Note specifically
that in the relation above, the vectors v,; and vg; are fixed in the first two slots of every
determinant, ensuring consistency.

Property Verification

1. Independence from A: The polynomials defining F are standard algebraic identities
(Pliicker relations) satisfied by any determinants of vectors in R*. They do not contain coeffi-
cients derived from A; they only take the entries of Q as variables.

2. Degree Independence: The coordinate functions of F are quadratic polynomials. The
degree is 2, which is independent of n.

3. The Condition on A: Let Qgcaled = A - Q.

(<= ) Suppose A\pgys = UaVgW~,Ts. Substitute this into a component of F (a Pliicker relation).
The first term is:

(uavﬁw'yxé [vavlvﬁmjvqﬂkvéal]) ’ (uavﬁwexc [va7ivﬁajv€1mv<7n])

The scaling factor is uiv%wngcchg. It is straightforward to verify that for the specific permu-

tation of indices in the Pliicker relation (fixing «, 8 and permuting ~, d, €, ¢), the scaling factor
is identical for all three terms in the sum. Thus, the factor uiv% ... factors out, leaving the
original Pliicker relation for (), which is identically zero.

(=) Suppose F(Qgcaled) = 0. The vanishing of F implies that the tensor entries Qgcaled form
a valid set of Pliicker coordinates for a point in the Grassmannian Gr(4,V’) for some vector
space V. Since AM, ... A are Zariski-generic, the original coordinates @ define a generic
point p € Gr(4,3n). The scaling A acts on the coordinates. The condition F = 0 implies that
the scaled point p’ = X - p also lies on the Grassmannian.

The automorphism group of the Grassmannian Gr(4,m) is the projective general linear group
PGL,,. The operation p — \-p corresponds to a coordinate-wise scaling (a torus action). For a
generic point in the Grassmannian, the only diagonal scalings that map the point back into the
Grassmannian are those induced by diagonal linear maps on the underlying vector space (up to
global scaling). A diagonal linear map T : R3" — R3" scales the basis vector associated with
row % of matrix a by a factor cq ;.
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r

This induces a scaling on the Pliicker coordinates:
AaBys = Ca,iCB,jCy,kCs)l (mod global scalar).

However, the problem statement allows A to depend on «, (3,7, but not the internal row
indices ¢, j, k,[. Given the block structure, the scalars c,; must be independent of ¢ to match
the dimension of A. Thus, cq; = uq. This yields Aogys = uqvgwyxs.

Since n > 5, we have sufficient distinct indices to form non-trivial Pliicker relations that constrain
all degrees of freedom of A, ensuring the factorization is unique up to the inherent symmetries.
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Q10 — Proof

Theorem 18 (Efficient PCG Solution for RKHS-Constrained CP Subproblem). The mode-k
CP subproblem with RKHS constraints and missing entries

[(Z® K)TSST(Z ® K) + A1, ® K)] vec(W) = (I, ® K)vec(B) (14)

can be solved using preconditioned conjugate gradient with preconditioner P = I, ® K in O(n® +
Kiter (%7 + nrM + qr)) time and O(n? + qr + Mr) space, avoiding any O(N) operations.

Proof. Let A = (Z @ K)TSST(Z @ K) + A\, ® K) and b = (I, ® K)vec(B). Since K is
PSD and A > 0, the matrix A is symmetric positive definite, enabling PCG with preconditioner
P=IQ®K.

Step 1: Preconditioner Application. For v = vec(V) with V € R"*"  we have

P lv = (I, ® K) tvec(V) = vec(K V). (15)

Precompute the Cholesky factorization K = LLT in O(n?) time. Each application solves r
triangular systems in O(n?r) time.
Step 2: Matrix-Vector Product. For v = vec(V'), compute Av as follows:

Regularization term:
MI, @ K)v = \-vec(KV) costs O(n’r). (16)

Data fitting term: Using the Kronecker-vec identity (A ® B)vec(X) = vec(BX AT):

(Z® K)v =vec(KVZT), (17)
ST(Z@ K)v = STvec(Y) eRY, Y =KVZT. (18)

Computing Y costs O(n?r + nrM). Extracting ¢ entries costs O(q).

Let u = SSTvec(Y) € RV (conceptually). Reshape to U € R™M. Then (Z ® K)Tu =
vec(KUZ).

Key insight: U has only ¢ nonzero entries at observed positions. For each observed entry at
unfolding position (¢, j) with value u;;, accumulate w;; - Z;. into row ¢ of matrix U e R™ 7.

U =UZ= Z uijeiZf:, (19)
(4,)€Q

where € indexes the g observed entries. This costs O(gr).

Finally, compute KU in O(n?r) time.

Total per iteration: O(n*r +nrM + qr).

Step 3: Convergence. The preconditioned system has condition number

)\max(P‘lA)> '

Amin(P~1A) )

K(P~'A) =0 <
The regularization term A(I, ® K') ensures P captures the dominant spectrum. PCG converges
in kiter = O(yv/klog(1/¢)) iterations.
Complexity Summary: Precomputation: O(n?) (Cholesky), O(gr) (form B). Per iteration:
O(n®r +nrM + gr). Total: O(n® + kiter(n?r +nrM + qr)). Space: O(n? + qr + Mr).
No O(N) operations occur since all computations operate on observed entries (q) or structured
matrix products (Kronecker form). [ADDED EXTERNALLY: Refer to Algorithm 2| O
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Q10 — Proof (Gemini)

A=(Z®K)'SST(Z® K) + A\(I, ® K). (21)

Theorem 19 (Implicit Matrix-Vector Product). Let v = vec(V) for V. € R"*". The product
Av can be computed in O(qr + n?r) time without explicitly forming Z @ K or S.

Proof. Decompose the product into the data fidelity term and the regularization term:

Av = (ZT @ K)SST(Z ® K)vec(V) + (I, ® K) vec(V).

term 1 term 2

Term 1 Calculation:
1. Compute U = KV € R™". Complexity: O(n?r).

2. Let Pq(-) denote the projection onto the observed set . The operation SST (Z®K) vec(V)
corresponds to computing the entries of UZ" only at indices in Q. For each (i, j) € Q:

(Ya)ij = (Ui, Zj,.)-
This requires g dot products of length r. Complexity: O(qr).

3. The adjoint operation (Z " ® K) vec(Yq) corresponds to K (YnZ). First, compute Giemp =
YoZ. Since Yq, is sparse with ¢ non-zeros:

(Gtemp)i,: = Z (Yﬂ)iij#'
7:(4,5)EQ

Complexity: O(qr).
4. Compute G = K Gyemp. Complexity: O(n?r).

Term 2 Calculation: Compute AKV. Complexity: O(n?r).
Total complexity is O(2n2r + 2qr), which simplifies to O(qr + n?r). O

Theorem 20 (Preconditioner Inversion). Let the preconditioner be M = £(ZT Z@ K?)+ (I, ®
K). The system Mz =t can be solved in O(n*r + nr?) time.

Factor M as:
M= (I, ® K) %(ZTZ ® K) + Mm} .

To solve Mz = r:
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1. Let ¥ = (I, ® K~ 1)r. (Requires K~! or Cholesky solve).
2. We must solve [£(Z7Z ® K) + A,»] z =T.

3. Compute the eigendecomposition Z'Z = QAQ", where A = diag(o1,...,0,). Complex-
ity: O(r?).

4. Transform the system by multiplying by Q" ® I,,:
%(A ® K) + AIW] QT ® L)z = (Q" ® L,)f.

5. The system decouples into 7 independent n x n systems. For j =1,...,7:

(i

NUjK + )\In)yj = f‘;-.

Using the fixed eigendecomposition K = VDV T this is a diagonal scaling in the eigenbasis
of K.

6. Recover z = (Q ® I,,)y.

Assuming K = VDV is precomputed, the dominant costs are the basis rotations (Q®I,) and
(I, ® V1), taking O(nr?) and O(n’r) respectively.

Theorem 21. The mode-k update for RKHS-reqularized CP tensor completion can be computed
using Preconditioned Conjugate Gradient with the Mean-Field preconditioner with a per-iteration
computational complexity of O(qr + n*r). [ADDED EXTERNALLY Refer to algorithm 1.]

L J

Algorithm 1 PCG Step for Mode-k

Input: Fixed factors {A;};x, data Q, kernel K, previous W.
Setup: Compute Z ' Z, eigen-decompose Z ' Z and K.
MVP: u < A(vec(WV)) using Lemma 1.

Residual: r < b — u.

Solve: z < M ~'r using Proposition 1.

Loop: Update direction and vec(W) via standard PCG.

IV. Comparative Analysis of Resulting Proof Techinques and Intu-
ition

A. Researchers’ Notes on Selected Problems

We now briefly include remarks on the above solutions due to external analysis of their properties,
from a comparative standpoint. Such remarks are purely indicated for the utilization of pure
mathematicians who wish to assess the high-level structure of such proofs.

Problem 1. We observed that both Sonnet and Gemini attained the proofs shown on pp.
5-6 in a zero-shot format. From a purely mathematical standpoint, it is of interest that while
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Algorithm 2 Preconditioned Conjugate Gradient for RKHS-CP Subproblem
Require: Sparse tensor T, factor matrices Z, kernel K, MTTKRP B, regularization A
Ensure: Coefficient matrix W

1: Compute Cholesky factorization K = LLT

2: Initialize wg = 0, b = vec(K "' B)

3: rg=Db, 29 = 7)_11‘0, Po = zo

4: for £ =0,1,2,... until convergence do

5: qr = Apg > Structured matrix-vector product
6 a=(rfz)/(piax)

7 Wi4+1 = Wi + QgPk

8 Ipy1 =g — QpQqg

9: if ||rp41]| < € then
10: break
11: end if
12: Zpr1 = P lrpa > Apply preconditioner
131 B = (rpazk1)/(vh 2)
14: Pkt+1 = Zk+1 + BkPk
15: end for

16: Reshape w to obtain W € R™*"

the Sonnet approach explicitly highlights the Cameron-Martin invariance in deriving support for
the Radon-Nikodym derivative procedure, the latter proof of Gemini (see following page) engages
in significantly more careful analysis of the interaction potential involved, relegating a relatively
minute portion of the proof towards the Cameron-Martin analysis.

Problem 2. The proof provided by Sonnet assumes significantly less depth than that of Gemini;
in particular, while both observe the identical integral expression regarding that of a Schwartz-
Bruhat function, the boundness argument for such a Rankin-Selberg integral is presented with
significantly greater analytic detail within the proof of Gemini (c¢f. pp. 7-8). In particular, ideals
are not mentioned within the proof strategy of Sonnet, whereas Whittaker functions are referenced
in both approaches, thereby indicating that the Sonnet approach involves substantially larger leaps
for this problem.

Problems 3, 4, and 5. Both models present functionally identical proofs for these three
problems, with minor distinctions in implementation details (a greater degree of explicit verification
within Problem 4 among Sonnet than Cursor, and slightly different arguments regarding bounds on
the dimensions of representations within solutions to Problem 5).

Problem 6. This problem proved to be exceedingly challenging for both models. Indeed, after
successive iteration of P’, both models retained answers, yet proof strategies remained difficult.
The linearity of expectation approach appears within both models, although the claim ¢ < 1/4
in the Gemini proof is posited to be incorrect. The optimality claim, however, within Theorem
11 (posited by Sonnet on pp. 18) is correct, although no justification is presented beyond the
boundedness argument.

Problem 7. This problem garnered two independent, yet distinct, arguments for the specifi-
cation of a uniform lattice I' (containing 2-torsion) within a real semisimple Lie group. While the
Sonnet approach harnesses Hochschild-Serre sequences, which are of greater abstraction, as well
as the Lefschetz fixed point theorem, thereby establishing the principles by which the Lie group
action behaves, the Gemini approach harnesses Serre sequences yet simultaneously utilizes Fuler
characteristic properties to deny the existence of the posited universal cover.
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Problems 8 and 9. The proof methodologies for such problems harness distinct notational
conventions and choices of abstraction; however, both problems exhibit functionally analogous proof
strategies. For instance, with Problem 8, a focus on Hamiltonian flows harnessed by Sonnet, which
ventures further into abstraction levels, contrasts with an attention to Legendrian isotopy exhibited
by Gemini (as opposed to Hamiltonian isotopy). Similarly, no explicit mention of Pliicker coor-
dinates or the Grassmannian is present within the Sonnet solution to Problem 9, although such
considerations are semantically implicit.

Problem 10. While the algorithm produced by Sonnet is substantially more thorough, since
it effectively unpacks many of the steps that are typically involved within the standard conjugate-
gradient preconditioner procedure rather than simply enumerating the key ideas, the mathematical
formalization regarding complexity, scaling, and representation of relevant operations is, for all
comparative purposes, identical across both algorithms.

Thus, we believe that the above set of proofs offers a strong representative description of the
performance of such models.

B. Model Comparatives

Below, we offer individual model responses regarding each question based on the aforementioned
criteria in Section 2: (i) normalizing responses across questions, equalizing the depth of thought
independent of the length or difficulty of proof, (ii) standardizing response style and standards
of evaluation across models, and (iii) comparing both the proposed approach as well as alternative
discarded approaches that were incorporated into the model optimization protocol. Such approaches
also allow for the establishment of direct comparatives between the two posited proof methodologies
for any given problem i € {1,...,10}. We offer no further analysis on such model responses, as our
paper purely serves expository purpose.

The color schema is identical to the previous set of responses: Sonnet proofs appear in green,
while Gemini proofs appear in blue. We again emphasize that “unedited” denotes that no mathemat-
ical content was altered, removed, or supplemented. Formatting adjustments were restricted solely
to minor typographical normalization (e.g., correcting broken ITEX syntax surrounding outputed
expressions due to prompt ambiguity possibilities) and did not modify any aspect of the semantic
content of responses present.
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Q1 — Strategic Commentary (Gemini)

Primary Idea The efficacy of the proof relies primarily on the algebraic stability of Wick-
ordered polynomials under translation, specifically the binomial identity : (¢ + ¢)™ : = > (Z) :
@* : "~k This algebraic structure ensures that the infinite mass renormalization counterterms
required for the <I>§ measure are translation-invariant and cancel exactly in the Radon-Nikodym
derivative, leaving a remainder term involving only lower-order, integrable Wick powers.
Alternative Approaches A plausible alternative approach involves Stochastic Quantization,
applying Girsanov’s theorem to the singular Langevin equation 0;¢ = A¢— : ¢3 : 400 + &;
however, this introduces unnecessary dynamical complexity and relies on deep well-posedness
results for singular SPDEs (e.g., Regularity Structures) to prove a static property. Similarly, a
pure Constructive QFT approach using cluster expansions would obscure the simple algebraic
cancellation behind heavy combinatorial machinery.

Why This Method Works The chosen method is optimal because it decouples the problem
into two natural parts: the probabilistic equivalence of the Gaussian reference (via Cameron-
Martin for smooth shifts) and the algebraic cancellation of divergences in the interaction poten-
tial. This approach directly exploits the fact that while the measure is analytically rough (living
in Besov spaces of negative regularity), the renormalization group flow respects the polynomial
structure of the interaction.

Q1 — Strategic Commentary (Sonnet)

Primary Idea. The solution exploits the factorization of the <I>§ measure into its Gaussian
component and exponential interaction term, treating each separately: Cameron-Martin theory
handles the Gaussian quasi-invariance, while smoothness of ) ensures the interaction term trans-
forms with bounded polynomial coefficients that preserve integrability of the Radon-Nikodym
derivative.

Alternative Approaches. One might attempt to work directly with the full <I>f,)L measure using
integration by parts formulas (quasi-invariance via log-Sobolev inequalities), but this obscures
the natural factorization and requires delicate renormalization estimates at each step. Alterna-
tively, one could try to use the variational characterization of <I>§ as a minimizer, but translation
breaks the critical point structure and provides no clear path to equivalence.

Why This Method Works. The chosen approach respects the natural construction of <I>§1 as a
perturbation of the GFF: the linear (Gaussian) and nonlinear (interaction) parts separate cleanly
under analysis. Smoothness of v is precisely the regularity needed to control both the Cameron-
Martin inner product and the polynomial growth in the Wick-renormalized terms, making this
the minimal-assumption proof. The method leverages that shifts by Cameron-Martin directions
preserve measure class for Gaussian measures—a fundamental symmetry—while polynomial
interactions remain locally integrable under such shifts.
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Q2 - Strategic Commentary (Gemini)

Primary Idea The core mechanism driving this proof is the stability of Rankin—Selberg integrals
(JPSS), which asserts that for highly ramified representations, the local integral stabilizes to the
value of the Whittaker function at the identity. This property allows us to uniformly handle the
infinite family of representations with large conductors using a single test vector W satisfying
W (1) # 0. For the remaining representations with bounded conductor, the existence of a non-
zero integral follows immediately from the genericity of II, which ensures the restriction of W
to the mirabolic subgroup is faithful and thus functionally non-zero.

Alternative Approaches An alternative approach involving explicit computation within the
Kirillov model would be intractable, as explicit Whittaker function formulas for supercuspidal
representations are neither uniform nor fully available. Similarly, a global-to-local argument
using automorphic L-functions would be unnecessarily indirect and likely circular, given that
local stability is a prerequisite for establishing global functional equations.

Why This Method Works The chosen stability method is optimal because it exploits the
intrinsic filtration of the Whittaker model by conductor depth, naturally aligning the operator
ug with the unipotent subgroup structure. This approach effectively decouples the “infinite
tail” of highly ramified twists from the “compact core” of low ramification cases. Consequently,
the proof avoids a tedious case-by-case analysis of representation types, relying instead on the
uniform and robust property of genericity.

Q2 — Strategic Commentary (Sonnet)

Primary Idea. The primary mathematical idea is that there does not exist such a universal
W, because the pole structure of the Rankin—Selberg integral W(s, W, V') depends essentially
on the pair (II, 7) through the local L-function L(s,II x 7). Different representations 7 force
poles at different locations in the s-plane, and no single choice of W € W(II,%~!) has sufficient
flexibility to compensate for all possible pole configurations across all generic 7 simultaneously,
even when we allow V to vary with .

Alternative Approaches. An alternative approach might attempt to use newforms with spe-
cial support properties or exploit conductor-dependent cancellations via the shift ug, but these
methods cannot overcome the fundamental obstruction: the L-function L(s,II x 7) genuinely
depends on both representations and can have poles at s-values that vary with 7 (for instance,
when IT is related to 7 by appropriate twists). Another approach using the functional equation
might try to relate poles and zeros systematically, but the gamma factor and epsilon factor still
leave genuine poles in the completed L-function.

Why This Method Works. The negative answer is natural because the Rankin—Selberg
formalism is designed to capture representation-theoretic data through analytic invariants (the
L-function and epsilon factors), and demanding that a single W work for all 7 would contradict
the dependence of these invariants on 7.
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Q3 - Strategic Commentary (Gemini)(

Primary Idea The solution hinges on the structural isomorphism between the generator of
the multi-species Asymmetric Simple Exclusion Process (ASEP) and the representation of the
degenerate affine Hecke algebra acting on polynomial spaces. The primary motivation was to
exploit the fact that interpolation Macdonald polynomials at ¢ = 1 are eigenfunctions of the
Demazure-Lusztig operators, which directly encode the transition rates of the particle system
via their spectral parameters.

Alternative Approaches A plausible alternative approach involving direct combinatorial sum-
mation over tableaux weights would be ineffective here; it provides no insight into the local
transition dynamics and becomes algebraically intractable for proving stationarity. Similarly, a
generic Metropolis-Hastings construction is explicitly ruled out by the problem’s "nontriviality"
constraint, as it relies on global ratios rather than local interaction rules.

Why This Method Works The chosen operator-theoretic method is natural because it traces
the origin of the stationary measure back to the Yang-Baxter equation, treating the Markov
generator as an integrable transfer matrix. This perspective clarifies that the "inhomogeneity"
parameters x; in the polynomials correspond precisely to site-dependent hopping speeds in the
exclusion process. By mapping the recurrence relations of the polynomials to the detailed
balance equations of the chain, the proof avoids brute-force verification and highlights the deep
representation-theoretic link between symmetric functions and interacting particle systems.

Q3 — Strategic Commentary (Sonnet)

Primary Idea: The solution exploits the fact that interpolation ASEP polynomials at ¢ =
1 are eigenfunctions of asymmetric exchange operators, allowing us to construct a Markov
chain whose stationary measure is naturally expressed as ratios of these polynomials. The
key motivation was recognizing that the “ASEP” in the polynomial’s name suggests a stochastic
process interpretation, and the restriction on A (unique zero, no ones) ensures Sy () supports
particle dynamics without collisions.

Alternative Approaches: One might attempt a Metropolis-Hastings construction with arbi-
trary proposal distribution and acceptance probabilities depending on the polynomial ratio, but
this would be trivial (explicitly using F , In transition probabilities) and thus violates the prob-
lem constraints. Alternatively, one could seek a birth-death chain or a multi-species exclusion
process with more complex particle types, but these lack the natural connection to the exchange
relations satisfied by interpolation Macdonald polynomials at ¢ = 1.

Why the Chosen Method Works: The asymmetric exchange process is perfectly adapted
because: (1) the interpolation polynomials satisfy exchange relations under adjacent transpo-
sitions, which are precisely the transitions of our chain; (2) the weight ratio F,/F), under a
swap has a simple explicit form involving only x;, z;11,t, and the drop u; — p;11, which can be
encoded in transition rates without referencing the polynomials; (3) the representation-theoretic
structure (Macdonald polynomials as symmetric functions) ensures proper normalization via P5.
This makes the construction both non-trivial and inevitable given the algebraic structure.
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Q4 - Strategic Commentary (Gemini)

Primary Idea The solution hinges on identifying the operation pH,, ¢ as the finite free additive
convolution, which represents the expected characteristic polynomial of the sum of independent
Hermitian matrices conjugated by a Haar unitary. This identification transforms the opaque
combinatorial definition of the coefficients into a structural problem within finite free probability,
where the functional @, (p) is recognized as the finite free Fisher information. The proof then
follows as a direct instance of the finite free Stam inequality, which asserts the super-additivity of
the inverse Fisher information (analogous to the entropy power inequality in classical information
theory).

Alternative Approaches A direct algebraic approach involving elementary symmetric poly-
nomials would be computationally intractable due to the complex, non-linear dependence of the
roots of a sum of matrices on the roots of the summands. Similarly, standard analytic techniques
for classical convolution fail here because H,, does not correspond to a convolution of measures
on R, but rather to a projection of a convolution on the space of matrix spectra.

Why This Method Works The probabilistic framework is the optimal choice as it naturally
elucidates the preservation of real-rootedness established by Marcus, Spielman, and Srivastava.
Furthermore, the functional ®,, arises naturally as the L?-norm of the score function associated
with the joint eigenvalue density, respecting the underlying unitary invariance of the problem.
This perspective reveals that the inequality is a fundamental consequence of the concavity of
entropy production under free diffusion, rather than an algebraic coincidence.

Q4 — Strategic Commentary (Sonnet)

Primary Idea. The solution hinges on recognizing that - functions as a variance-like dis-
persion measure for g)olynomlal roots, and that the operatlon H, with its binomial-weighted
coeflicients (nn,z)n(nk J2 is constructed precisely to make this quantity additive—analogous to
how variances add f)or independent random variables in probability theory.

Alternative Approaches. One might attempt a direct algebraic manipulation of the defin-
ing sums, expanding ®,(p H,, ¢) in terms of the roots of p and ¢, but this quickly becomes
intractable due to the implicit nature of the roots of p H,, ¢ and the quadratic structure of ®,,.
Alternatively, one could try complex-analytic methods using potential theory and logarithmic
energy, but without recognizing the probabilistic/variance interpretation, there is no clear path
to the additive inequality.

Why the Chosen Method Works. The reformulation ®,,(p) = >.(p"(\i)/p'(\i))? converts
the problem into one involving derivatives at roots, which naturally connects to the coefficient
structure of H,, through Taylor expansions and moment-generating considerations. The explicit
verification at n = 2 reveals the fundamental property: equality holds in natural cases, suggest-
ing B, is a free additive convolution where 1/®,, is the corresponding variance functional. This
variance-additive structure, once identified, provides both the intuition and the computational
framework, making the binomial weights appear not arbitrary but essential to preserving this
algebraic relationship.
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Q5 - Strategic Commentary (Gemini)

Primary Idea The efficacy of this characterization rests on the fact that the geometric fixed
points functor ® annihilates norms and transfers from proper subgroups, thereby isolating the
homotopical contribution of the n-slice generators. The primary mathematical intuition is that
®H acts as a "dimension-reduction" tool that respects the underlying representation-theoretic
structure of the N, operad. By mapping the equivariant stable category to the non-equivariant
category, we can translate the O-slice connectivity into a series of standard connectivity checks
on the geometric fixed point spectra.

Alternative Approaches While one might attempt to characterize slice connectivity using
categorical fixed points X or restriction functors, these approaches are ineffective because
XH mixes contributions from lower strata via the tom Dieck splitting, rendering connectivity
bounds opaque. Similarly, restriction to subgroups fails to detect the specific global equivariant
structure encoded by the regular representation spheres that generate the slice filtration. These
methods often lead to recursive formulas that are far less concise and fail to provide the direct
"if and only if" detection property offered by geometric fixed points.

Why This Method Works The chosen method is natural because ®# is the unique strong
symmetric monoidal functor that reduces the regular representation sphere S¥°¢ to S*. es-
tablishing a precise correspondence between equivariant slice dimension and non-equivariant
connectivity. This scaling property matches the indexing of the slice cells, where the dimen-
sion of the fixed-point sphere SV s exactly 1/|H| of the equivariant dimension for regular
representations. Consequently, this reduction transforms the complex equivariant filtration into
manageable classical Postnikov towers indexed by the conjugacy classes of subgroups in O.

Q5 — Strategic Commentary (Sonnet)

Primary Idea. The solution exploits the fundamental fact that geometric fixed points &
commute with homotopy colimits and therefore intertwine the O-slice tower with the ordinary
Postnikov tower, reducing equivariant slice connectivity to non-equivariant connectivity after
applying ®7. The key parameter do(H) quantifies the “representation-theoretic shift” induced
by restricting to O-compatible representations, making the characterization both computable
and conceptually natural.

Alternative Approaches. One might attempt to characterize slice connectivity via homotopy
fixed points X instead of geometric fixed points, but this fails because homotopy fixed points
do not commute with the homotopy colimits defining the slice tower, obscuring the filtration
structure. Alternatively, one could try to work directly with the slice spectral sequence and
analyze differentials, but this approach is less effective because it does not exploit the sharp
relationship between slice cells and fixed point data, requiring significantly more homological
machinery without yielding the clean connectivity criterion.

Why the Chosen Method Works. The chosen approach is optimally adapted to the problem
because geometric fixed points are the correct invariant for detecting “genuine” equivariant phe-
nomena compatible with incomplete norms, and the slice filtration is fundamentally organized
by representation-theoretic complexity measured through dimensions of fixed subspaces. The
commutation of ® with the defining homotopy colimits is the structural feature that makes
this approach both conceptually transparent and technically efficient.
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Q6 - Strategic Commentary (Gemini)

Primary Idea The solution relies fundamentally on the probabilistic method with alter-
ation, using effective resistance to identify and excise spectral outliers. While standard
random sampling ensures that the bulk of the spectrum concentrates around its expectation,
it fails for "fragile" edges (those with high effective resistance) which can individually violate
the condition Lg = €L; the alteration step deterministically prunes these edges to restore the
bound.

Alternative Approaches Alternative approaches, such as greedy vertex selection, struggle
because the spectral constraint is global and non-monotonic, making local decisions suboptimal
and difficult to analyze. Similarly, pure spectral sparsification techniques are ill-suited here
because we require a subset with small spectral norm relative to the original, rather than one
that approximates it.

Why This Method Works The chosen method is naturally adapted to the problem structure
because effective resistance provides a local measure of global spectral importance, and the
identity > Resr(e) = n— 1 translates the spectral constraint into a combinatorial volume bound.
This allows the problem to be treated as a balance between maximizing vertex count and
minimizing the cumulative resistance of the induced subgraph.

Q6 — Strategic Commentary (Sonnet)

Primary Idea. The solution exploits the linearity of the Laplacian with respect to edge sets:
since E[Lg] = p?L when vertices are sampled independently with probability p, choosing p = €
yields E[Ls] = €2L =< €L, guaranteeing the existence of an e-light set of the desired size by the
probabilistic method.

Alternative Approaches. A greedy algorithm that iteratively adds vertices minimizing the
maximum eigenvalue of e, — Lg seems natural but fails because the spectral radius is non-
monotone under vertex addition, and tracking the full spectrum is computationally intractable.
Another approach via spectral sparsification (selecting edges rather than vertices) is incompat-
ible with the constraint that S must be a vertex subset inducing all edges between its vertices.
Why This Method Works. The problem has inherent probabilistic structure: the condition
Lg = €L is a statement about all quadratic forms simultaneously, which is naturally handled
by expectation over random sets rather than explicit construction. The independence of vertex
sampling perfectly aligns with the quadratic structure of Laplacian forms, where edge contri-
butions factorize as products of vertex indicators. Finally, the scaling p = € harmonizes the
competing demands of set size (linear in p) and spectral constraint (quadratic in p), making the
probabilistic method not merely effective but essentially inevitable.
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Q7 - Strategic Commentary (Gemini)

Primary Idea The solution relies fundamentally on the Euler characteristic obstruction,
exploiting the incompatibility between the mandatory integrality of y (M) for a compact man-
ifold and the generally non-integral rational Euler characteristic x(I") of a lattice with torsion.
This approach was chosen for its efficiency, as it reduces a complex problem in geometric topol-
ogy to a computable arithmetic invariant derived from the Harder-Gauss-Bonnet formula.
Alternative Approaches A plausible alternative would be to analyze the geometric action via
the Borel construction (or classifying space) directly; however, because I' contains torsion,
any finite-dimensional model for BI' cannot be a manifold, and the infinite-dimensional nature
of the true classifying space makes detecting finite geometric obstructions cumbersome. Another
approach might involve Smith theory to analyze fixed-point sets of torsion elements, but this
requires specific constraints on the manifold’s dimension and the order of torsion, making it less
universal than the cohomological argument.

Why This Method Works The spectral sequence method is particularly well-adapted here
because the hypothesis of a Q-acyclic universal cover trivializes the fiber cohomology, instantly
collapsing the sequence to an isomorphism H*(M;Q) = H*(I'; Q). This effectively translates
the problem into representation theory, where the fractional nature of the orbifold Euler char-
acteristic serves as an immediate and decisive contradiction.

Q7 — Strategic Commentary (Sonnet)

Primary Idea. The solution succeeds by exploiting the Lefschetz fixed-point theorem, which
provides a topological obstruction to free actions of finite-order elements on Q-acyclic spaces.
The key insight is that the Lefschetz number of any non-trivial element of finite order acting
on a Q-acyclic space must equal 1 (from the contribution of Hy alone), forcing the existence of
fixed points and contradicting the free deck transformation action.

Alternative Approaches. Alternative approaches might attempt to use Smith theory with
[F2-coefficients or cohomological dimension arguments comparing cdg(I") with ved(I'), but these
methods are less direct: Smith theory requires additional machinery about mod-p cohomology of
fixed-point sets, while virtual cohomological dimension arguments become obscured by the fact
that torsion elements contribute trivially to rational cohomology yet impose genuine topological
constraints.

Why This Method Works. The Lefschetz approach is optimally adapted to this problem
because it directly connects three key structures: the rational acyclicity assumption (which
trivializes all but Hy in the trace formula), the torsion hypothesis (which provides a non-trivial
element to test), and the fundamental group action (which must be free). This method also
generalizes immediately to any prime-order torsion, making it the natural choice for problems
involving torsion elements acting on homologically simple spaces.
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Q8 - Strategic Commentary (Gemini)

Primary Idea The solution relies primarily on the combinatorial rigidity of Legendrian poly-
gons in the standard contact sphere (S3,&sq). The key insight is that a piecewise-geodesic
Legendrian unknot with only four segments lacks the geometric complexity (sufficient vertices)
to support a stabilization (a “zig-zag”), forcing the link into the unique, smoothable isotopy class
of the standard Legendrian square.

Alternative Approaches We rejected the alternative approach of constructing Special La-
grangian (SLag) smoothings via Lawlor necks, which would require solving non-linear elliptic
PDEs subject to restrictive angle conditions. That analytic framework is “ineffective” here be-
cause it addresses geometric minimality rather than topological smoothability; failing the Lawlor
condition precludes a minimal smoothing but not a flexible Lagrangian one.

Why This Method Works Consequently, the chosen method utilizing the A-principle is op-
timally adapted to the problem, as it correctly identifies that the obstruction to smoothing is
homotopical (the Maslov index of the link) rather than metric. By filtering the problem through
contact topology, we exploit the discrete nature of the vertex count (4 faces) to trivially resolve
the classification of the singularity’s link.

Q8 — Strategic Commentary (Sonnet)

Primary idea and motivation. The solution exploits the fundamental principle that Hamil-
tonian flows preserve the symplectic form, hence preserve Lagrangian submanifolds, allowing
us to smooth singularities while maintaining the Lagrangian condition. The key observation is
that the vertex condition (exactly 4 faces) provides sufficient local degrees of freedom in the
Lagrangian Grassmannian A(4) to construct compatible smoothing flows, suggesting this is the
critical threshold for smoothability.

Alternative approaches. One might attempt a purely geometric smoothing using convolu-
tion or mollification, but this fails because general smoothing operations do not preserve the La-
grangian condition w|x = 0. Alternatively, one could try to apply the h-principle for Lagrangian
immersions, but this approach is ineffective since polyhedral Lagrangians have codimension-
zero singularities that require careful Hamiltonian deformation rather than flexible homotopy-
theoretic methods.

Why Hamiltonian methods are natural. The Hamiltonian approach is perfectly adapted
to this problem because it respects the symplectic structure by construction: the infinitesimal
generator Xp satisfies Lx,w = 0, automatically preserving the defining property of Lagrangian
submanifolds. Moreover, Hamiltonian flows provide both the analytical control needed for local
smoothing and the functoriality required for gluing local solutions into a global isotopy.
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Q9 - Strategic Commentary (Gemini)

Primary Idea The solution relies on identifying the tensor entries QE?,SWS) as Pliicker coordi-
nates embedding the row space of the concatenated matrices into the Grassmannian Gr(4,3n).
The primary mathematical insight is that the quadratic Pliicker relations generate the ideal of
this variety and are satisfied if and only if the coordinates correspond to a decomposable multi-
vector. The scaling A\ preserves membership in the Grassmannian precisely when it corresponds
to a valid torus action on the underlying vector space, which implies A must be a rank-1 tensor
(modulo global scaling).

Alternative Approaches A plausible alternative approach would involve analyzing the ranks
of various tensor flattenings (matricizations) of A - Q. However, this is ineffective because the
generic tensor () has high or full rank, and distinguishing the rank properties of A from the in-
herent structure of @ would require explicit dependence on A, violating the problem constraints.
Another approach using higher-degree invariants from Geometric Invariant Theory would likely
violate the condition that the degrees of F be independent of n.

Why This Method Works The chosen method is natural because determinants are the fun-
damental invariants of the GL(4,R) action, and the Pliicker relations are the universal algebraic
syzygies satisfied by determinants independent of the matrix entries. The multi-linear homo-
geneity of these relations perfectly mirrors the factorization condition Angys = uqvVgw~xs, €n-
suring that the scalar factors cancel out exactly when A is rank-1. Thus, the solution essentially
characterizes the stabilizer of a generic point on the Grassmannian under the diagonal torus
action.

Q9 — Strategic Commentary (Sonnet)

Primary idea and motivation. The solution exploits the fundamental principle that Hamil-
tonian flows preserve the symplectic form, hence preserve Lagrangian submanifolds, allowing
us to smooth singularities while maintaining the Lagrangian condition. The key observation is
that the vertex condition (exactly 4 faces) provides sufficient local degrees of freedom in the
Lagrangian Grassmannian A(4) to construct compatible smoothing flows, suggesting this is the
critical threshold for smoothability.

Alternative approaches. One might attempt a purely geometric smoothing using convolu-
tion or mollification, but this fails because general smoothing operations do not preserve the La-
grangian condition w|x = 0. Alternatively, one could try to apply the h-principle for Lagrangian
immersions, but this approach is ineffective since polyhedral Lagrangians have codimension-
zero singularities that require careful Hamiltonian deformation rather than flexible homotopy-
theoretic methods.

Why Hamiltonian methods are natural. The Hamiltonian approach is perfectly adapted
to this problem because it respects the symplectic structure by construction: the infinitesimal
generator Xy satisfies £x,w = 0, automatically preserving the defining property of Lagrangian
submanifolds. Moreover, Hamiltonian flows provide both the analytical control needed for local
smoothing and the functoriality required for gluing local solutions into a global isotopy.
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Q10 - Strategic Commentary (Gemini)

Primary Idea The cornerstone of this solution is the exploitation of the Kronecker product
structure inherent in the CP decomposition to formulate a matriz-free matrix-vector product,
reducing the complexity of the normal equations from cubic to linear in the number of obser-
vations q. We selected Preconditioned Conjugate Gradient (PCG) because the system matrix
is Symmetric Positive Definite but typically ill-conditioned due to the spectral decay of the
compact RKHS operator K.

Alternative Approaches Alternative approaches such as direct Cholesky decomposition are
ineffective here, as they require explicitly forming the dense nr X nr system matrix, incurring
a prohibitive O(n3r3) cost. Similarly, first-order stochastic gradient methods, while avoiding
matrix inversion, often struggle to converge on kernel-regularized objectives where the Hessian’s
condition number is large.

Why This Method Works The PCG method is naturally adapted to this problem because
the "Mean-Field" preconditioner approximates the sparse sampling operator SS' as a scalar
identity, restoring the pure Kronecker structure Z'Z ® K. This allows the preconditioner to
be inverted efficiently via the simultaneous diagonalization of the small rank matrix Z'Z and
the kernel K, effectively aligning the solver with the representation-theoretic symmetries of the
tensor model.

Q10 — Strategic Commentary (Sonnet)

Primary Idea. The solution exploits the Kronecker product structure (Z ® K) to avoid explicit
formation of the nr x nr system matrix, enabling matrix-vector products in O(n?r +nrM + qr)
time via the identity (A® B)vec(X) = vec(BX AT) and sparse accumulation over the g observed
entries. The preconditioner P = I, ® K is naturally motivated by the regularization term
AI; ® K) and admits efficient inversion through r independent kernel matrix solves.
Alternative Approaches. A direct Cholesky factorization of the full system costs O(n3r?),
prohibitive when r is large, and requires O(n?r?) memory to store the dense system matrix.
Alternatively, one might attempt block coordinate descent on W column-by-column, but this
ignores coupling between columns induced by the Khatri-Rao product Z and converges slowly
without global preconditioning. Stochastic gradient methods could exploit the sparse observa-
tions but lack the quadratic convergence guarantees of CG and require careful step-size tuning
in the presence of ill-conditioning from the kernel matrix.

Why This Method Works. The chosen PCG method is well-adapted because: (1) the ten-
sor multilinearity inherent in CP decomposition manifests as Kronecker products, which PCG
handles matrix-free; (2) the RKHS regularization provides both convexity and a natural precon-
ditioner that captures the dominant spectral structure; and (3) the sparsity pattern of missing
entries is respected by operating exclusively in the g-dimensional observation space, avoiding
any O(N) costs. The symmetry and positive-definiteness of A guarantee PCG convergence,
while the structured preconditioner ensures rapid convergence with iteration count independent
of the problem dimensions.
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V. Conclusion

In our expository investigations, we directly responded directly to the “first proof” challenge of
Abouzaid et al. [13] by documenting and analyzing a sequence of initial proof attempts generated
by frontier large language models across a diverse and research-level mathematical corpus. Our
objective was not to establish new theorems, but rather to interrogate the structure of model-
generated reasoning: the fundamental manners in which LLMs introduce abstraction hierarchies
within challenging mathematical proofs slightly underneath the frontier-level of knowledge while
performing reductions to known problems.

Empirically, we observed that state-of-the-art general-purpose models of both Gemini and Son-
net achieved 50% accuracy on our curated problem set. More significantly, however, we identified
consistent patterns in how these systems approach proof construction. Successful attempts fre-
quently exhibited a layered structure: an initial reframing of the problem, followed by differing
degrees of explanation regarding the various intuitive leaps required to obtain the content of such
proofs. We offered a rigorous set of comparatives, based upon the ten empirical examples presented,
to contextualize such differences.

Within the broader framework of formal verification, our analysis provides, to our knowledge, the
first study to respond to “first proof* from a comprehensive comparative standpoint, thereby setting
the standard for such studies in an effort to assess broader formal verification capacities. Therefore,
we hope to extend the “first proof” paradigm as a complementary evaluation framework in future
studies; rather than measuring solely formal correctness, we seek to understand the fundamental
structure by which such models might extend existing research knowledge within mathematical
subdomains while progressing into yet-unexplored territory.
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